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TRANSMISSION LINE THEORY

1.1. INTRODUCTION

The transfer of energy from one point to another takes place through either wave guides or
transmission lines. Transmission lines always consist of atleast two separate conductors
between which a voltage can exist, but the wave guides involve only one conductor; for
example, a hollow rectangular or circular waveguide within which the wave propagates.
Transmission lines are a means of conveying power from one point to another. There are two
types of commonly used transmission lines.

1. Parallel wire (balanced) line
2. Coaxial (unbalanced) line

Parallel wire line : It is a common form of transmission line known as open wire line as
shown in Fig. 1.1(a). It is employed where balanced properties are required. Telephone lines,
line connecting between folded dipole antenna and TV receiver are good examples of parallel
or balanced or open wire line. The parallel wire lines are not used for microwave
transmission. |

Coaxial line : Coaxial lines consist of inner and outer conductor spacers of dielectric as
shown in Fig. 1.1(5). It is used when unbalanced properties are needed, as in the
imterconnection of a broadcast transmitter to its grounded antenna. It is employed at UHF and
microwave frequencies.

Quter conducter
Inner conductor

Quter casing
/ Conducters /
............................. / Dielectric

Quter casing

(a) Parallel wire (balanced) line (b) Coaxial (unbalanced) line
Fig. 1.1. Transmission lines

1.2. TRANSMISSION LINE AS CASCADED T SECTIONS

To study the behaviour of transmission line, a transmission can be considered to be made
up of a number of identical symmetrical T sections connected in series as in Fig.1.2. If the
last section is terminated with its characteristic impedance, the input impedémnce at the first

section is Z,. Each section is terminated by the input impedance of the following section.
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Fig. 1.2. A line of cascaded T sections

The characteristic impedance for a T section is

Zl
Zor = \[ 2122\ 1+ 77

If *n” number of T sections are cascaded and if the sending and receiving currents are Iq

and I respectively, then
_ ny
where v is the propagation constant for one T section.

v = atjp

2 Z Z
g g il ot _._1 4 1 1
BF & g e | oo \/22L1+423)

One T section representing an incremental length Ax of the line has a series impedance

Z; =Z Ax and shunt impedance Z, = . The characteristic impedance of any small T

1
Y Ax
section is that of the line as a whole.

A | Z,

Substituting the values of Z, and Z,,

7 - Z Ax [1+ZAxYAx)
o Y Ax ' 4

_ \/%(HJ——HYZ‘MZ)

If Ax tends to zero, then Z, becomes,

Zy = ’\/g : 110

EMTL



DEPT.OF ECE

1
Z, Z, Z, Z, 2
Z, 47, Z, 47,

By the binomial theorem,

Zy i Z, \ Z, 1+_1_(ZI 1 Zl\z_{_ |
7 1Z 4 ~ Zs 2447, )78 422J """

Substituting this value in e’ equation,

T o= 1+Zl + l 1+
T STz, 7 4Z,
zZ

I
Y Ax

When applied to the incremental length of line Ax, then Z, = Z Ax, Z, = and

propagation constant becomes y Ax,

gl 1 , 1
e’ = 1++/ZY Ax +3 G ZY 2 (ax)? +3 VZY P (Ax)P-128 G ZY ) (Ax)S
Series expansion for an exponential ¢7* is
2 (Ax)2 3 (Ax)3
255w g s POER RS,

Equating the above two expressions,

(N ZY P (Ax)P? (N ZY P (Ax)
2 K 3 *

Y Ax+

12 (Ax)z ]{3 (Axf’
5 + 5 P e

e YRR

PAx P (Ax)
+ ) -+ 6 i

If Ax tends to zero then,

o AEE G pene,

Y = \f ZY:
This is the value of propagation constant in terms of Z and Y.

Since each conductor of transmission line has a certain length and diameter, it must have
resistance and inductance; moreover the two conductors are separated by a dielectric medium
(say, air), therefore there must be a capacitance between them. This dielectric between the
conducting wires may not be perfect, and hence a leakage current will flow creating leakage
(shunt) capacitance between the conductors. These four parameters resistandé!(R), inductance

(L), capacitance (C) and conductance (G), all distributed along the lines are known as
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distributed parameters. The equivalent circuit diagram of transmission line is shown in
Fig. 1.3.

L R L
d Il AAA- EILR
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Fig. 1.3. Equivalent circuit diagram of transmission line

The four line parameters resistance (R), inductance (L), capacitance (C) and conductance
(G) are also known as primary constants of the transmission line,

Resistance (R) is defined as the loop resistance per unit length of the transmission line. It
is measured in ohms/km.

Inductance (L) is defined as the loop inductance per unit length of the transmissicn line. It
is measured in Henries/km.

Capacitance (C) is defined as the shunt capacitance per unit length between the two
transmission lines, It is measured in Farads/km. ’

Conductance (G) is defined as the shunt conductance per unit length between the two
transmission lines. It is measured in mhos/km.

1.3. TRANSMISSION LINE EQUATION Ledl .
Transmission line is a conductive method L B L B

of guiding electrical energy from one place to G MM T T el
another. A uniform transmission line can be T
considered to be made up of an infinite VgV & {_J_ c v
number of T sections, each of infinitesimal __]—

size dx. The equivalent circuit of T section of | 1
transmission line is shown in Fig, 1.4, L_ " ©

Fig. 1.4. Equivalent circuit of T section of Transmission line

The parameters R, L, G and C are distributed throughout the transmission line. The
constants of an incremental length dx of a line are shown in Fig. 1.4. The series impedance
per unit length and shunt admittance per unit length are given by

Z = R+jolL
Y = G+joC 112
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Consider a T section of transmission line of length dx. Let V + dV be the voltage and
1+ d1 be the current at one end of T section. Let V be the voltage and I be the current at the
other end of this section.

The series impedance of a small section dx is (R + jL®) ¢dx. The shunt admittance of this
section dx is (G + jCw) dx.

The voltage drop across the series impedance of T sections ie., the potential difference
between the two ends of T section is

V+dV-V = I(R+jol)dx
dV = 1(R+joL)dx

dVv .

- = IR+joL) (LD
av ,

dx 1z

The current difference between the two ends of T section is due to the voltage drop across
the shunt admittance.

I+di-1 = V(G+jeC)dx
dl = V(G+joC)dx

dl _
7 = V(G+jo0) skl
dl

— = VY

§_.%

Differentiating equation (1.1) w.r.t. °x’,

d*V , dl
g2 (R +joL) -

Substituting the value of 57 in the above equation

d2V _ L
A = (R+joL)(G+joC)V .. (1.3)
Differentiating equation (1.2) w.r.t. °x’

d?l _ dV
d_xz = (G+jol) g

L dVv . :
Substituting the value of . 1nthe above equation

d?1 o )
25 = R+jeL) (G +jeC) I (14

But propagation constant is given by 113

i v = J R+joL)(G+joC) =+/ZY
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Substituting the value of y in equation (1.3) and (1.4),

d*V
then a2 = Y2V

The solutions of the above linear differential equations are
V= Aer+B en .. (1.5)
[ = Cer+De ¥ ok 1)
where A,'B, C and D are arbitrary constants.

Differentiating the equation (1.5), w.rt. °x’

dVv
T AyerX—Bye ¥
dV
But 7= = IZ
IZ = Aye*—Bye ¥

= ANZY NEYx _pZy & VE¥x [y =AY ]
Y % Y
[ = A‘\/Tz NZYx _p 7 V2V (LD

Similarly, differentiating the equation (1.6) w.r.t. ‘x’

dl
5 = Cyer-Dyyery
dl

VY = Cyer-Dye ¥

= C\ZY NZ¥* _p\ZY VY=

? ol zZ _
vV = C\/; e\/_x—D‘\/—; e VZY x el T8)

Since the distance x is measured from the receiving end of the transmission line,

x =0, % Ll
¥ o= Ve 114
Vi = RRZz
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where I is the current in the receiving end of line

Vp is the voltage across the receiving end of the lines

Z is the impedance of receiving end

Substituting this condition in equations (1.5), (1.6), (1.7) and (1.8).

4
Vr
Iy
Ik
Vi
To solve these equations,

Let x

Then I

But I
C+D

CX PPy
A—-B

Similarly, equation (1.12) becomes,

Vi

But Vp
A+B
A-B

Adding the equations (1.13) and (1.14),

2A
A

Similarly subtracting the equations (1.13) and (1.14)

2B

B
EMTL
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85 g 5

Cx—Dx
A+B

Cx—~Dx
Cx-+Dx

2Cx

Cx

—2x Dx
—Dx
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Substituting the values of A and B in the following equations.

Vg = A+B
= Cx—Dx
But I = C+D
Iix = Cx+Dx .. (1.1%5)
Vg = Cx—Dx w2 (1:16)
Adding the equations (1.15) and (1.16),
2Cx = IRX+VR
I Vr
C=3*%5
Ip Vg Y [z
€= +72” 7 | -7 ['_‘x—\/Y ]

Subtracting the equations (1.15) and (1.16),
D = Ix—Vy

IR Vg
B =5 5 i
IR Vg Y
. D= 5~ 7 ... {1.18)
But A = Cx
Iy Vi
A= 5x+?
Vi I 4
A= 3 +_2 v s Lh19)
B = -Dx
I Vi
B = -5 X + >
i % k7
4 = g v s (1.203
The characteristic impedance is defined as
7
L = v
_ . [ReeL e
\/ G+joC (121
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Substituting the value of Z_ in equations (1.19), (1.20), (1.17) and (1.18),

Ve Lk Z
AT 2Ny
A = 7 + 27y Z,
o Z, ]
K = 0> |[1 +—£J e
< | R
Vr Iz Z
B=73 3 \/;
v V.
2 272y "o
VR Z‘o]
B = 3 Iil —ZR_]‘ . (1.23)
Ir Vi X
C=2+t27\/Z
Iz Ig Zx
= 3 220 [-'.VRleZR]
Iz Zy
& [1+~Z—J .. (1.24)
Ig Vi Y
D=9 -2\/Z
_ R Iz Zg
T2 22,
Ix Zg |
D= '2*[1+Z—0:] ... (1.25)

Substituting the values of A, B, C and D in equations (1.5) and (1.6), the solutions of the
differential equations are

VR ZG Y VR ZO —~\[ZY
V=3 (1+ZR) eNoT T 4 5 1—ZR g VETX ... (1.26)
I s e I Z v
2 Z, 21 7g, -
VR r( Zo 7\.’ [ ZO 7Y —[
= YR %0} NEYa [, Lo} —\ZYx
V=3 !_Ll "% e -kl 5, e J 117 ... (1.28)
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> )e m‘} ... (1.29)

8}

RHIC s

After simplification,

v = Y& \Z¥x 4,__ ﬁ T x_YR Lo \T¥x
2 2 % 2

2
I=1Rﬁ+_?_5ﬁ VY IR N
2. Z, 2 L
\]_Yx + Y x '\fl_Yx _ )—\fﬂx
e e e L
V= VRL 2 J+IRZO 5 [ VR =Ig Zg]
—ZY : ‘
P 1 e\/ﬁ-"-!-e \/L_")+E(emx_€_\jz_yx) e :E‘
R 2 L "R Zp
Then equations can be written in terms of hyperbolic functions.
V = Vi cosh\/ ZY x+ 1z Z, sinh\/ZY x ... (1.30)
I = IcoshyZY x + —Z—R sinh\JZY x .. (131)

: i
These are the equations for voltage and current of a transmission line at any distance “x’
from the receiving end of transmission line.

The equations for voltage and current at the sending send of a transmission line of length
‘I’ are given by

VR . : "'/Rj
Vg = Vycosh NZY I + Z_ Z, sinh \ZY I !: IR:ZJ
I, = Ipcosh\ZY 7 + i sinh\JZY / [ V=1 Zg]
0
) Z, -
Vs = Vg| cos\ZY [+5° sinhVZY I | . (132)
R N

Ig = Ig | cos ZY ! +Z sinhy\ ZY [

) AIVIECE e |

—

1.4. WAVELENGTH AND VELOCITY OF PROPAGATION

The propagation constant (y) and characteristic impedance (Z,) are called secondary

constants of a transmission line.

; . s 118
Propagation constant is usually a complex quantity.

EMTL v = a+jp
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where o 1is the attenuation constant.

B is the phase shift.

N = \fZY
where Z = R+joL
Y = G+jal

The characteristic impedance of the transmission line is also a complex quantity.

Z
Zy = A=

Propagation constant is

a+ify =

Squaring on both sides,
(o +jB)
2 -2+2j B

Equating rea! par.,

Equating imaginary parts,
2af

Squaring on both sides,

4022 -

o2 B2

7 - R+ng
0 G+jeC

= a+iP

-/ (R+joL) (G +jeC)

A/ RG-02LC + /(LG + RC)

RG - 02LC +jo(LG +RC)
RG - »2LC + /o (LG + RC)

RG - 0?LC
B2+ RG-w2LC

® (LG + RC)

@2 (LG + RC?2
2

&
-y (LG +RC)?

Substituting the value of a2 [eqn. (1.37)] in the above equation,

3
(B?+RG-w2LC) B2 = T (LG +RCP

-
#

B*+ B2 (RG-wC) - % (LG +RCP-= 0

The solution of the quadratic equation is

5 —(RG — ®2LC) £/ (RG — 02LC)? + 02 (LG +RC)?

EMTL B
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By neglecting the negative values,

dq 0 — o2LC2 + 2 (1.G + ROV
- ,\/co LC-RG ++/ (RG mZLC) X (LG+RCF .o

a? = B2+RG-w?LC W
Substituting the value of B [eqn. (1.38)] in the above equation,

o3 B I T o o I e 2
2 o QAC RG +4/ (RG QZLC)ﬂ,) (LG+RCP o o
RG - 02LC +\ (RG - 02LCY + 02 (LG + RCY?
2

RG — 02LC +1/ (RG - @?LCR + @2 (LG +RC)? -
Lo = 3 ... (1.39)

For a perfect transmission line R =0 and G =0,

B2 = wllC
B=oyLC [only positive value]
Velocity :
The velocity of propagation is given by, ,
_ 4
v = Af
A
= 2n f m
(l) o gzt— =y
v—E3 [.B—handm 27 f]
Substituting the value of = \/ LC
®
vV = T —
o LC

I
¥ =S

This is the velocity of propagation for an ideal line.

Wavelength :

The distance travelled by the wave along the line while the phase angle is changing
through 27 radians is called wavelength.

B?u'-‘_ZTE
2 120
T V

A =T or A=
p f
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1.5. INPUT IMPEDANCE AND TRANSFER IMPEDANCE OF TRANSMISSION LINE
Input impedance :

The equations for voltage and current at the sending end of a transmission line of length
‘I’ are given by

<<
wn
1l

z
vR[cosh ZY 1 + 29 sinh\/ ZY ) . (1.32)
- R

o~ dg = Iy (cosh\/ £Y Z-L smh\/ ZY" | ) ... (1.33)

The input impedance of the transmission line is,

v,
Z, = —
S [S

Z
Vg (cosh NZY I + 5= sinh\[ZY Ij
R
7
Ip (cosh N ZY 1+ sinh\[ZY l)
0

Z
Iz Zx (cosh VZY I + Z—O sinh\/ ZY IJ
= R

7
IR(cosh \/ ZY 1+Z—R sinhy/ ZY IJ
0

Zy(Zg cosh \/ ZY [+ Z,sinh [ ZY D a0
(£ cosh \/ LY {+Zsg sinh\/ ZY ) .- (1.40)

ZS:

Let m = v
The input impedance of the line is
| Zy coshyl+Z sinhy ZJ
 Zgcoshyl+Zy, sinhy/

Zs = T

or ZS = Z;

érZR+ZO tanh y/
| Lyt Zg tanhy/

in a different form, the equations for voltage and current at transmitting end of a line is
given by equations (1.28) and (1.29),

v i Z 57
\!'S:‘.,_R[(IJF‘z—q)e Z”+|(1—Z—0)e_ ZY[:’ .. (1.28)
’ 21X R \ R
IR [ ZR N ZY i ( ZR ) NZYi 121
IS:E[LI-'LZ_O]@ +i\1~z J ] ... (1.29)
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Yuil {45 %0 ZY 1 Zr—Zo)\ _\7v:
e v ) ()
o, B I_R{ Zit Zo 2X] Zo—Zg \Izvi_'{
I 4 Zg |
- v (PED T )T ] e
[ = 2 (Lt o[ i _(Zr=Zo) ~vaw! (1.42)
P20 Zy L \Zr*Zg S

The input impedance of the transmission line is given by,

?
2 ZR Z0 S 7
e YL ( e ZY I

Zo - 25 7| SHE [ Vi =lg Zg] (1.43)
- . = 1 e bt R: R e e ol |
- Iy ? NZYL _ Zy—Zo smNZY *
Zr*Zy
ety ZY =17
The input impedance of the transmission line is,
€Y1+ M e—}r! f
Zp+ 2
s = Zy r - — ... (1.44)
TR T 5

If the line is terminated with its characteristic impedance ie., Zp = Z,, then the input

impedance becomes equal to its characteristic impedance.
Zs = Z
The input impedance of an infinite line is determined by letting / — co.
Zs = Zg

It is found that a line of finite length, terminated with its characteristic impedance, appears
to the transmitting end generator as an infinite line. A finite line terminated with Z, and an

infinite line are same by measurements at the source.

ZR_ZO

If K = Zo+Zy’ then
rovl Y L
‘ e!"+Ke !
Zg = Ly [ey! Ko J .- (1.45)

122
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Transfer impedance :

Transfer impedance is used to determine the current at the receiving end if voltage at
transmitting end is known. Transfer impedance of a transmission line is defined as the ratio of
voltage at the sending end (transmitted voltage) to the current at the receiving end (received
current).

Equation (1.41) becomes

Ve(Zg+Zy) -
Ve 2 7n e +Ke 7
IR(Zr+Zy) e
Vg = ——5— (" +Ke™"!) [ Ma=T, Zal
‘V’{S ZR+ZO . .
Zr =7, = TF @ KT

-+

2\ Zpt il

Lgil Zn—2
- (BR)er + (BFR) e

v -y :Y[ -y
gl e e’ —e
= g (“_”2—)‘%0("2—)

= Zgcoshyl + Z,;sinhy!

Zr %0 (e’-’l Zr=Zo —y! )

e e ! et! — ¢! :
L D S =coshy/ and 0= sinh y/

Zy = Zgcoshyl+Z,sinhyl

1.6. LINE DISTORTION

Signal (e.g., voice) transmitted over a transmission line is normally complex and consists
of many frequency components. Such voice voltage will not have all frequencies transmitted
with equal attenuation and equal time delay, the received waveform will not be identical with
the input waveform at the sending end. This variation is known as distortion. There are two
types of line distortions. They are frequency distortion and delay distortion.

Frequency Distortion : A complex (voice) voltage transmitted on a transmission line will
not be attenuated equally and the received waveform will not be identical with the input
waveform at the transmitting end. This variation is known as frequency distogsion.

The attenuation constant is given by
EMTL
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\/ RG — @2LC +\J(RG — 0?LCY + w? (LG +CR)?
a _
2

o. is a function of frequency and therefore the line will introduce frequency distortion.

Delay or Phase Distortion : For an applied voice-voltage wave the received waveform
may not be identical with the input waveform at the sending end, since some frequency
components will be delayed more than those of other frequencies. This phenomenon is
known as delay or phase distortion.

The phase constant is
B = \/ RG - @?LC+ \/ (RG - 03LC)? + @? (LG +CR)?
T 2

B is not a constant multiplied by w and therefore the line will introduce delay distortion.

Frequency distortion is reduced in the transmission of high quality over wire lines by the
use of equalizers at the line terminals.

Delay distortion is of relatively less importance to voice and music transmission. But it
can be very serious for video transmission. This can be avoided by the use of co-axial cables.

1.7. THE DISTORTIONLESS LINE

If a line 1s to have neither frequency nor delay distortion, then attenuation factor o and the
velocity of propagation v cannot be functions of frequency.

®
e 9=
B

p must be a direct function of frequency.

. \/ ©2LC — RG + \/(RG — 2LC) + w? (LG + CR)?
= 2

For (3 to be a direct function of frequency, the term
(RG — »?LC)? + @? (LG + CR)? must be equal to (RG + w2LC)?
R2GZ + 0*.2C2 - 202LCRG + ©2L2G + 02C2R? + 202LCRG
= RZG? + 0*L2C? + 202LCRG
02L2G2 + ©2C2R2 = 2 »2LCRG
02[2G2 + ©2C2R2 - 202LCRG = 0
(LG-CR) = 0
LG = CR

124

i

G
c

s is the condition for distortionless iine.



f" —_ - . - p—
DEPT.OF ECE

Propagation constant y = (R +joL) (G +jwC)

— \/ (L+]m (E‘L]@)
- NI A (E 40 ) (& o)

R G
But L - ¢

— R
¥ = yYLC (E+jm)

2LC~RG+RG + w?LC
Then B = \/m 5 e
3 20°LC
- 2
B = m_\fLC
Velocity of propagation is v = %
1
G e

This is the same velocity for all frequencies, thus eliminating delay distortion.

Attenuation factor

. \/ RG - 02LC +(RG — 0?LCY + 02 (LG + CRY?

()

e

To make o is independent of frequency, the term (RG — @?LC)* + w2 (LG + CR)? is
forced to be equal to (RG + ©w?LC)2.

(LG-CR)?? = 0
LG = CR
L R
¢~ a

This will make o and the velocity independent of frequency simultaneously. To achieve
this condition, it requires a very large value of L, since G is small.

RG - @?LC + G + o2L.C)2
The attenuation factor o = '\/ G-l \/(RG o<LC)
_ _\/ RG - 0?LC + RG + 0?LC
- 2 TZ0

EMTL



DEPT.OF ECE

a = \RG

It is independent of frequency, thus eliminating frequency distortion on the line.

The characteristic impedance Z is given by

R+joL
o = \/ G+juC

7

o )
L( =T
_ / S\
B i (G 3
\/ Cl ""{-j(z}i
\ J
But L =C for distortionless line.
s o fL
o ‘\ C
It is purely real and is independent of frequency.
1.8. TELEPHONE CABLE ‘ &

In the telephone cable the wires are insulated with paper and twisted in pairs. This
construction results in negligible values of inductance and conductance. Therefore Lo << R
and G << Co.

Z = R+joL » R
Y = G+joC = joC

Propagation constant y = \JZY
= \J joRC
I, /’._,____fE-mRC
\ 2
But v = a+jp
I :
; P ! ©RC
@B = ) N =3
; : ; . ®RC
Equating real and imaginary parts o = N\J/ 4
@RC 126
oA
ERE

EMTL



DEPT.OF ECE
® © 2@
Velocity of propagation v = 5 e : = - ==
© .
2
‘ ‘v 7 | R 'R
The characteristic impedance Z, = »\l/ v = ,\][ = - ,\/ =2 o

It is found that the propagation constant o and velocity of propagation v are functions of
frequency. Thus, the higher frequencies are attenuated more and travel faster than the lower
frequencies resulting in considerable frequency and delay distortion.

1.9. LOADING OF LINES

It is necessary to increase L/C ratio to achieve distortionless condition in a transmission
line. This can be done by increasing the inductance of a transmission line. Increasing
inductance by inserting inductances in series with line is termed as loading and such lines are
called loaded lines. The lumped inductors, known as leading coils are placed at suitable
intervals along the transmission line to increase the effective distributed inductance.

The effect of loading can be realised by comparing the unloading of a transmission line in
the attenuation Vs frequency graph. Fig.1.5 shows that the loaded line offers a low
attenuation when compared to the unloaded line only for limited range of frequencies.

The important aspect of loading coil design is that saturation and stray fields should be
avoided. It should have a low resistance and should be in small size. In general toroidal cores
are used for loading coils.

Types of Loading

The open wire lines have more inductance of their own and so have much less distortion
than cable. Therefore, the loading practice is not applicable to open wires but it is restricted to
cables only. There are three types of loading in practice. They are

(a) Lumped loading
(b) Continuous loading
{c) Patch loading

(a) Lumped loading : The inductance of a transmission line can be increased by the
introduction of loading coil at uniform intervals. This is called lumped loading. It acts as ¢
low pass filter. So, it is applicable only for a limited range of frequency. The loading coils
have an internal resistance R thus, increasing the total effective inductance increases R.
Further hysteresis and eddy current losses which occur in the loading coils resulting in further
apparent increase in R. Therefore, there is a practical limitation on the value of inductance
that can be increased for the reduction of attenuation. Thus the loadingoroil should be
carefully designed so that it will not introduce any distortion.

EMTL
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A
f Unloaded i
/ ! 1
¢ /

— Lumped loaded

/_J__.. Centinuously loadad

(o)

Attenuation

.
o

Frequency (/)

Fig. 1.5. Comparison of loaded and unloaded cable characteristics

(b} Continuous loading : A type of iron or some other magnetic material is wound on the
transmission line (cable) to increase the permeability of the surrounding medium and thereby
increase the inductance. It is a quite expensive method. Further eddy current and hysteresis
losses in the magnetic material increases the primary constant R. Therefore, continuous
loading is used only on ocean cables where lumped loading is difficult. The advantage of
continuous loading over lumped loading is that attenuation factor ¢ increases uniformly with
increase in frequency.

(¢) Patch loading : It employs sections of continuously loaded cable separated by sections
of unloaded cable. The typical length for the section is normally a quarter kilometer. In this
method the advantage of continuous loading is obtained and the cost is reduced considerably.

1.9.1. Inductance Loading of Telephone Cables

Distortionless line with distributed parameters is used to avoid the frequency and delay
distortion experienced on telephone cables, It is necessary to increase the L/C to achieve

) ; aw Ix R g 3 . :
distortionless condition = = G- Heaviside suggested that the inductance be increased and

Pupin suggested that this increase in the inductance by lumped inductors spaced at intervals
along the line. This use of inductance is calied loading the line. The distributed loading is
obtained by winding the cable with a high permeability steel tape such as permalloy in some
submarine cables.

Consider an uniformly loaded cable with G = 0. Then,

Z = R+joL
¥ = gl [ G=0]
|
e ————— |i f L ) 128
Z = 3| R2+(Le)? l tan-! (%)
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- -~ | R
= \ R2+ (Lo ) I’ % —tanrl] e
Propagation constant y = / ZY
| 2 2 lﬁ ( | T )
= ‘ V R+ (Lo) E 5 — tan™! Lo |©C|3 J
- oCy R2+ (Lo | n-tan! — -
Lo
T 1 R
= —_— -] ——
\/(mC) (Lw) (Lc)) 7 — 5 tan Ll
O(RY = 1 R
— + S e Moo _} e
wy LC ’\/I & J 12 2tan Tio

et

Since R is small with respect to Lo, the term kﬂ,ﬂ 1s neglected.
Lo

T R
¥ 5 oy LC 5—*‘[&11“15
7 I R
If 6 = :;E—;tanly—
6 - ws[E_ L. R
cos cosk2 — 5 tan™i 7o
1 R
= 3 = i} -] — a5 -
sin ( 5 tan™ 7~ ) S e
For small angle, |
sinf ~ tanB=~6
R
that a5y =
so tha cos 6 3ln
. (1: 1 R
milarly. i = = tap !l — | =
Similarly, sin © sm; 5 — 5 tan o i

Propagation constant v = \/ LC (cos 8+ sin0)

= L(, ( TJ‘J
T &ZILE FON L 129
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|
|
ol &)

+joy LC

. Attenuation constant o0 =

e m|x
2
(S8 ol ()

Phase-shift § =

Velocity of propagation v =

™|E

A

JL1C

Tt is noted that if G = 0 and Lo >> R, the attenuation and velocity are both independent of
frequency and the loaded cable will be distortionless. Attenuation may be reduced by
increasing L. Continuous (uniform) loading is expensive and achieves only a small increase
in L per unit length. Lumped loading is preferred for cables.

Campbell’s Equation

An analysis for the performance of a line loaded at uniform intervals can be obtained by
considering a symmetrical section of line from the centre of one loading coil to the centre of
the next coil. The section of line may be replaced with an equivalent T section having
symmetrical series arms as shown in Fig.1.6. The series arm of T section including loading
coil is given by

Zyit
=

“

+

il

b2 Iq[\]

Z
> [From the fig.]

Zy . ; :
where = is the series arm of T section.

'/ Loading coils \

------ 11k WWAA~ AANA e T S e - |
Z Zi Z b Z, i
T2 2

™
[\v]

e ira e R S

Fig. 1.6. Equivalent T section for part of a line between two lumped loading coils

NN |
5> = 4 tanh 5
Zy Z -
] ~c vl
el tanh{; 130

EMMere / is the distance between two loading coils.
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The shunt Z, arm of the equivalent T section is

ZO
" vl
For loaded T section |
Z r
coshyl = 1+ 57, 7
i 7. .
? &y tanh -
ZQ
sinh y/
vl cosh y/—1

But tanh A

sinh v/
Substituting this value in above equation
Z. coshy/—1
el ;
] g p € sinhvy/
.coshyl = 1 + Z
sinh v/
Z,
5 sinhyl + Z, (cosh v/~ 1)
= ] + Zo
ZC =
=1+ 77 sinhy/ + coshy/ — 1
“ = D
ZC
coshyl = 5 7 sinh y/ + cosh v/
il |

This equation is called as Campbell’s equation and it is used to determine th. value of ¥
of a line section consisting of partially lumped and partially distributed elements. For a cable

Z,5 is capacitance and the cable capacitance and lumped inductances appear similar to the
circuit of the low pass filter. It is found that for frequencies below cutoff, the attenuation is
reduced, but the cut-off attenuation is increased (as a result of filter action). In practice, pure
distortionless line is not obtained by loading, because R and L are to some extent functions of
frequency. Eddy current losses are more in these coils. However, there is a major
improvement in the loaded cable over the unloaded cable for a reasonable frequency range.

1.10. OPEN CIRCUITED AND SHORT CIRCUITED LINES

; : 4 . 131 .
The expressions for voltage and current at the sending end of a transmission line of length
‘I’ are given by
ENTL *
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Vg = VR[cosh\/ Yl+'—‘sm \ Y]J
ZR

Iy = Ig|cosh[ZY I +7 " sinh\[ZY IJ
o

The input impedance of a transmission line is given by

\IY
z, = =

= z -
VR cosh\/ZY [+ :— sinh \/Z-Y [
IR cosh\ZY I+ smh \ZY [

Vr Z, (Zg coshyl +Z, sinh yl)
I Zg (Z,coshyl+ Zg sinh y])

(Z cosh y/ + Z_ sinh y[\ I v
cosh y/ + Zp sinh yl) L "Ly = Iy

_ _ (Zy coshyl+Z, sinh Yl\l
BT LZD cosh yl + Zg sinh ¥/ |

if short circuited, the receiving end impedance is zero.
I8y g = 0
(Z,sinhyl
il ™ kZ cosh v/
o
Short circuited impedance
L, = Ly tanh vl

If open circuited, the receiving end impedance is infinite.

ie., ZR = w

Input impedance of transmission line can be written as

cosh yl + :7,'2 sinh v/
“~R

Zs = Z

0

(&) .
= cosh y/ + sinh y/
Zy 132

é?\x/llla_lg_)lying Ly =0
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cosh vl:I

Then Z . = Z [sinh*//

The open circuited impedance
Z, = Z,cothyl
By multiplying open circuited impedance and short circuited impedances
ZpeZo = Z2tanhylcothyl
= 732
The characteristic impedance is given by

ZO = \f ZDC ZSC

By dividing short circuited impedance by open circuited impedance.

Z,, Z, tanh y/
Z,, ~ Z,cothyl

= tanhy/

tanhyl = ’\',/;Zﬁ—

i
oc

SC
vl = tanh! —
oc

N| N

1.11. REFLECTION

When the load impedance is not equal to the characteristic impedance of transmission line,
reflection takes place.

The expressions for voltage and current on the transmission line are

r 7 N\ : 1
vV = -\/—R[{I*:Lé ]eﬁ"' == (]—,Z—O\ e_\‘ﬁ‘?xj

t
21U Zry Yy
[ I_Rr'/ Z< ] NZY x (/l_?:iiJ e—\/z?x-‘l
2 [\1*2 d |
Vol ZntZ. -Z .
& V:_j_RL R0 NZ¥e ; “R™%0 a;]
= R R
133
I_IRIZ o\/_\ s
2 | 7 Z;
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or

Vi (L H 2 o P
R R 0

IR (ZR+ZO) X ZR_ZO 2
1= "5y |e¥-|z.52 )"
=R ; R ]
By y=~ZY ]

If the transmission line is not terminated with the characteristic impedance ie., Zp # Z,
(mismatch) the above expressions for voltage and current exist. [t consists of two waves, one
is moving in the forward (positive x) direction which is called incident wave and the other is
moving in the opposite (negative x) direction which is called reflected ray. The term varying
with ¢ represents a wave progressing from the sending end towards the receiving end and
the amplitude decreasing with increased distance. The term varying with e~ ** represents a
wave progressing from the receiving end towards the sending end, decreasing in amplitude
with increased distance.

If the transmission line is terminated with characteristic impedance i.e., Zg = Z, (properly
matched) then the voltage and current expressions are

N = VR e
I = IR e‘f""
The incident wave moves only in forward (positive x) direction. There is no reflected
wave in the opposite direction.
1.11.1. Reflection Coefficient

Reflection coefficient is defined as the ratio of the reflected voltage to the incident voltage
at the receiving end of the line.

Reflected voltage at load Vr
Incident voltage atload Vg

The equation for the voltage of a transmission line is

'\'f e ‘_YR—(Z[‘{:_E—)' r‘ ﬂ‘l_x + r‘é.[.{_——_zgv\ --‘v_x“l

27 {e' zR+ZOJe o

v Ve@rtZ)  Vr (Ze-2)
57 27,

The first term (¢¥X) represents incident wave, whereas the second term (e~ ) represents the
reflected wave. The ratio of amplitude of the reflected wave voltage to the amplitude of the

incident wave voltage is nothing but reflection coefficient.
134
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‘VR(ZR__ZU)
7 A &7
Ve T +Z)  Zz+Z,
5 7

ZR_ZO

Klzz‘ZRﬂ—ZD

It is also defined as in terms of the ratio of the reflected current to the incident current. But
it is negative.
Reflected current at load I

~K = Tncident currentat load - Iy

If the transmission line is terminated by its characteristic impedance (Zg = Z,), the

reflection coefficient becomes zero.

1.11.2. Reflection Factor and Reflection Loss

Consider a transmission line with a voltage source Vg and its impedance Z; and load
impedance Z, as shown in Fig.1.7. If Z, is not equal to Z;, reflection takes place. The power

delivered to the load is less than that with impedance matching. Reflection results in power
loss. This loss is known as reflection loss.

r e |
|

|

r A S RO

|
|

i
i
\
|
|
|
i
i

L: : — -

Fig. 1.7. Transmission line with voltage source Vg and impedance Z;

Image matching between the impedances Z; and Z, can be obtained by inserting an ideal
transformer and a phase shifting network between Z; and Z,. If I, and 1, be the currents in the
primary and secondary of the transformer respectively, the current ratio of the transformer is
given by

Z, may be adjusted to that of Z, by choosing the proper transformation ratio and phase
angle. Z, is the image impedance of Z,. The current through the source is 135
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Vs
=5

The current flow in the secondary of the transformer under image impedance matching is

) brepall oY [T Vs
z '\ 4L, 2%, Z, " 2:/7,Z,

- 'I'he current in the load impedance Z, without image matching.
L) = sl
| Z,+Z, |
The ratio of the current actually flowing in the load to that which might flow under
matched condition is known as reflection factor.

| Vs |

|Z,+Z,]
| Vs |

12/ Z, Z, |
N e

L

Joovas

The reflection factor indicates the change in current in the load due to reflection at the
mismatched junction.

The reflection loss is the reciprocal of the reflection factor in nepers or dB.

1
Reflection loss = In T

%
= In I—Z‘Z‘—“ nepers
. AT
= 20 log 2Z 2 dB
2

1.12. T AND = SECTIONS EQUIVALENT TO LINES
A T section is shown in Fig.1.8 with two ports 1, 1 and 2, 2.

Z4 Z,
1 O—— AW M- 02

2

‘10 02

136

Fig. 1.8. T section network
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Impedance measurements may be made at any port with the other port opened or shorted.

Let

Zioc be the impedance at port | when port 2 1s open circuited.

Zysc be the impedance at port 1 when port 2 is short circuited.

Zyoc be the impedance at port 2 when port 1 is open circuited.

Zysc be the impedance at port 2 when port 1 is short circuited.

Zioc = Z,+Z,
Z, 724
Zigc = Z]+Zz+zs
Loc = Zy+Z,
Zy Z;
Zyse = Zz+21+23

By solving these equations, the values of Z,,Z, and Z, are determined.

Zy7Z4

Zioc~Zgc = Z; - Ly
Lo KL By

ZZ+Z3

2
Zy

2
Zroc

2 _

Z3 = Zyoc(Zioc=Z150)

Zy = i“\/ Zroc (Z1oc—Z150)

Taking the positive value,

EMTL

£y, = \/Zzoc(zloc‘zlsc)
Zy = Zyoc—2Z;4

= Zioc= \ Zaoc @1oc—Z150)
Zy = Zyoe—2Z,4

= Zyoc~ \ Zaoc @ioc—Z1s0)

Zy = Zioe=\ Zaoc Zige~2Z150)
Zy = Zyoc— Zaoc Z1oc—Z 150)

[V Zy+Z3=Z,5c]

[V Zyoc=2Z;+Z4]

[V Zyoc=Zy+Z5]
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UNIT -V
Transmission Lines — 11

SC and OC Lines

Input Impedance Relations

Reflection Coefficient

VSWR

M4, A 2, L /8 Lines - Impedance Transformations
Smith Chart - Configuration and Applications,
Single Stub Matching

V V.V V VYV V V V

Ilustrative Problems.
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This means, more the current flows towards the surface of the conductor, it flows less towards the center,
which is known as the Skin Effect.

Inductance
Inan AC transmission line, the current flows sinusoidally. This current induces a magnetic field

perpendicular to the electric field, which also varies sinusoidally. This is well known as Faraday's law. The
fields are depicted in the following figure.

Electromagnetic Wave

m..\i'w-___i

] Magnetic field
3 Electricfield

This varying magnetic field induces some EMF into the conductor. Now this induced voltage or EMF flows
in the opposite direction to the current flowing initially. This EMF flowing in the opposite direction is
equivalently shown by a parameter known as Induetance, which is the property to oppose the shiftin
the current.

Itis denoted by "L". The unit of measurement is "Henry H".
Conductance

There will be a leakage current between the transmission line and the ground, and also between the phase
conductors. This small amount ofleakage current generally flows through the surface of the insulator.
Inverse of this leakage current is termed as Conduetanee. It is denoted by "G".

The flow of line current is associated with inductance and the voltage difference between the two points is
associated with capacitance. Inductance is associated with the magnetic field, while capacitance is
associated with the electric field.

Capacitance
The voltage difference between the Phase conductors gives rise to an electric field between the

conduetors. The two conduetors are just like parallel plates and the air in between them becomes
dielectric. This pattern gives rise to the capacitance effect between the conductors.
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Characteristic Impedance

If a uniform lossless transmission line is considered, for a wave travelling in one direction, the ratio of the
amplitudes of voltage and current along that line, which has no reflections, is called as Characteristic
impedance.

Itis denoted by Zg

{ voltage wave value

' \" current wave value
7z [ R+ jwlL

”:\.,' G + juC

For alossless line, Ry — , /L

Ve
Where [, & ¢ are the inductance and capacitance per unit lengths.
Impedance Matching

To achieve maximum power transfer to the load, impedance matching has to be done. To achieve this
impedance matching, the following conditions are to be met.

The resistance of the load should be equal to that of the source.
Ry = Rs
The reactance of the load should be equal to that of the source but opposite in sign.
X =—Xs
Which means, if the source is inductive, the load should be capacitive and vice versa.
Reflection Co-efficient

The parameter that expresses the amount of reflected energy due to impedance mismatch ina
transmission line is called as Reflection coefficient. It is indicated by p rho.

It can be defined as "the ratio of reflected voltage to the incident voltage at the load terminals”.

. flected voltage  V,
= '.rt(-‘frec OCDoagr at load terminals
tncident voltage Vi

Ifthe impedance between the device and the transmission line don't match with each other, then the
energy gets reflected. The higher the energy gets reflected, the greater will be the value of p reflection
coefficient.

Voltage Standing Wave Ratio VSWR

EMTL
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The standing wave is formed when the incident wave gets reflected. The standing wave which is formed,
contains some voltage. The magnitude of standing waves can be measured in terms of standing wave
ratios.

The ratio of maximum voltage to the minimum voltage in a standing wave can be defined as Voltage
Standing Wave Ratio VSWR. It is denoted by "S".

IVmam |

) |1";m':-:- |

1 <§5<o0
VSWR describes the voltage standing wave pattern that is present in the transmission line due to phase
addition and subtraction of the incident and reflected waves.

Hence, it can also be written as

The larger the impedance mismatch, the higher will be the amplitude of the standing wave. Therefore, if
the impedance is matched perfectly,

Vinas : Vimin =1:1
Hence, the value for VSWR is unity, which means the transmission is perfect.
Efficiency of Transmission Lines

The efficiency of transmission lines is defined as the ratio of the output power to the input power.

Power delivered al receplion
- » 100

% e f ficiency of transmission line 1 =

Fower sent from the transmission end
Voltage Regulation

Voltage regulation is defined as the change in the magnitude of the voltage between the sending and
receiving ends of the transmission line.

. sending end voltage — receiving end volfage
Y voltage regulation = = = = 2% 100
sending end vollage

Losses due to Impedance Mismatch

The transmission line, if not terminated with a matched load, occurs in losses. These losses are many
types such as attenuation loss, reflection loss, transmission loss, return loss, insertion loss, etc.

Attenuation Loss

The loss that occurs due to the absorption of the signal in the transmission line is termed as Attenuation
loss, which is represented as
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E' — Er
Attenuation loss(dB) = 10 logyy ['—]

B,
Where

* [; =theinput energy

* E, =thereflected energy fromthe load to the input

e [ =the transmitted energy to the load
Reflection Loss

The loss that occurs due to the reflection of the signal due to impedance mismatch of the transmission line
is termed as Reflection loss, which is represented as

Re flection loss(dB) = 10 logyy [—EEé E ]

Where
* F; =the input energy
s FE. =thereflected energy from the load

Transmission Loss

The loss that occurs while transmission through the transmission line is termed as T ransmission loss,
which is represented as

Transmission loss(dB) = 10 log Ei
t
Where

* [E; =the input energy

* [, =the transmitted energy
Return Loss

The measure of the power reflected by the transmission line is termed as Return loss, which is represented
as

Return loss(dB) = 10 logy %.

Where
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e F; =theinput energy

¢ E, =thereflected energy
Insertion Loss

The loss that occurs due to the energy transfer using a transmission line compared to energy transfer
without a transmission line is termed as Insertion loss, which is represented as

Insertion loss(dB) = 10 logyy %
2

Where

e FE, =the energy received by the load when directly connected to the source, without a transmission
line.

s E, =the energy received by the load when the transmission line is connected between the load and
the source.

Stub Matching

If the load impedance mismatches the source impedance, a method called "Stub Matching” is sometimes
used to achieve matching.

The process of connecting the sections of open or short circuit lines called stubs in the shunt with the
main line at some point or points, can be termed as Stub Matching.

At higher microwave frequencies, basically two stub matching techniques are employed.
Single Stub Matching

In Single stub matching, a stub of certain fixed length is placed at some distance from the load. It is used
only for a fixed frequency, because for any change in frequency, the location of the stub has to be
changed, which is not done. This method is not suitable for coaxial lines.

Double Stub Matching

In double stud matching, two stubs of variable length are fixed at certain positions. As the load changes,
only the lengths of the stubs are adjusted to achieve matching. This is widely used in laboratory practice
as a single frequency matching device.

The following figures show how the stub matchings look.
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- Sheort cirouw ted a h e

% ‘ A stub
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Transmission Line

Transmission Line 2, =2,

pd

Single Stub Matching Double Stub Matching
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Transmission Lines — Smith Chart &
Impedance Matching
(Intensive Reading)

1 The Smith Chart

Transmission line calculations — such as the determination of input impedance using equation
(4.30) and the reflection coefficient or load impedance from equation (4.32) — often involves
tedious manipulation of complex numbers. This tedium can be alleviated using a graphical
method of solution. The best known and most widely used graphical chart is the Smith chart.
The Smith chart is a circular plot with a lot of interlaced circles on it. When used correctly,
impedance matching can be performed without any computation. The only effort required is
the reading and following of values along the circles.

The Smith chart is a polar plot of the complex reflection coefficient, or equivalently, a
graphical plot of normalized resistance and reactance functions in the reflection-coefficient
plane. To understand how the Smith chart for a lossless transmission line is constructed,
examine the voltage reflection coefficient of the load impedance defined by
V. Z, -7
[ =-="L "0_1 +,T,., 1
L v ZL +Z() re JLim ( )

inc
where I, and I';,, are the real and imaginary parts of the complex reflection coefficient I'; .

The characteristic impedance Zj is often a constant and a real industry normalized value, such
as 50 Q, 75 Q, 100 Q, and 600 Q. We can then define the normalised load impedance by
z, =2, 1Zy =R+ jX)/ Zy=r+ jx. (2)

With this simplification, we can rewrite the reflection coefficient formula in (1) as
_Z,-Z)/Z, z -1

' = _+ T, = . 3
LT e T S G I Z, 2, 41 @
The inverse relation of (3) is
0
ZL=1+FL=1+’1"L’e‘< @)
1-T, 1-|r,]e"
or
1+T )+ jT
rajr= L)+ )
(l_rre)_jrim

Multiplying both the numerator and the denominator of (5) by the complex conjugate of the
denominator and separating the real and imaginary parts, we obtain

1-r 2 -T2
ALY Sl ©)
(1_Frc) +rim
and
2T, 2
x=——m (7

(A-T, ) +T,°

Equation (6) can be rearranged as

p 2 1 2
(rm - ) +I, 2 =[ ] . (8)
1+r 1+r
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This equation is a relationship in the form of a parametric equation (x —a)” + (y —b)> =R’

in the complex plane (T’

re?

I';,,) of a circle centred at the coordinates (%,Oj and having a
r+

radius of

T Different values of r yield circles of different radii with centres at different
r+

positions on the I", -axis. The following properties of the r-circles are noted:

e The centres of all r-circles lie on the I, -axis.

e The circle where there is no resistance (» = 0) is the largest. It is centred at the origin and
has a radius of 1.

e The r-circles become progressively smaller as r increases from 0 to oo, ending at the
(T =LT;, =0) point for an open circuit.

> m

e All the r-circles pass through the point (I',, =1,I",, =0).

See Figure 1 for further details.

7 = ( (short)

Figure 1: The r-circles in the complex plane (I',,I";,) .

Similarly, (7) can be rearranged as

2 2
(Frc - 1)2 + (Fim - lj = (l) . (9)
X X

Again, (9) is a parametric equation of the type (x —a)” + (y —b)* = R* in the complex plane
. . 1 . . 1 .
(I',,I,) of a circle centred at the coordinates (1,—] and having a radius of H Different
x X
values of x yield circles of different radii with centres at different positions on the I',, =1

line. The following properties of the x-circles are noted:
e The centres of all x-circles lie on the I, =1 line; those for x>0 (inductive reactance) lie

above the I' -axis, and those for x <0 lie below the I, -axis.

e The x =0 circle becomes the I, -axis.

e The x-circles become progressively smaller as ’x’ increases from 0 to o, ending at the
(T, =1T;,, =0) point for an open circuit.

e All the x-circles pass through the point (I',, =1,I";,, =0).

>+ im

See Figure 2 for further details.
146
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/2

Figure 2: The x-circles in the complex plane (I',.,I';,,) -

To complete the Smith chart, the two circles' families are superimposed. The Smith chart
therefore becomes a chart of r- and x-circles in the (I',,T,,) -plane for ’F’Sl . The

m
intersection of an r-circle and an x-circle defines a point which represents a normalized load
impedance z, =7+ jx . The actual load impedance is Z, =Z,z, =Z,(r+ jx) . As an

illustration, the impedance Z, =85+ ;30 in a Z, =50 Q -system is represented by the point
P in Figure 3. Here z; =1.7+ j0.6 at the intersection of the » =1.7 and the x=0.6 circles.
Values for I',, and I';, may then be obtained from the projections onto the horizontal and
vertical axes (see Figure 4). These are approximately given by I' =03 and I', =0.16.
Point P, at (I', =—LI";,, =0) corresponds to »=0 and x=0 and therefore represents a
short-circuit. P, at (I',, =1,I';, =0) corresponds to an infinite impedance therefore
represents an open circuit.
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Figure 3: Smith chart with rectangular coordinates.

Constant
Resistance r

Constant
Reactance x

g ------uu---

—
o
-

-
a

Figure 4: Direct extraction of the reflection coefficient I' =T", + T, along the horizontal
and vertical axes.

Instead of having a Smith chart marked with I' , and I';, marked in rectangular coordinates,
the same chart can be marked in polar coordinates, so that every point in the I'-plane is
specified by a magnitude |F| and a phase angle 0. This is illustrated in Figure 5, where
several |F| -circles are shown in dashed lines and some O -angles are marked around the
|F| =1 circle. The |F| -circles are normally not shown on commercially available Smith charts,
but once the point representing a certain z, =+ jx is located, it is simply a matter of

drawing a circle centred at the origin through the point. The ratio of the distance to the point
and the radius to the edge of the chart is equal to the magnitude of |F| of the load reflection

coefficient, and the angle that a line to that point makes with the real axis represents 0. If, for
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example the point z;, =1.7 + j0.6 is marked on the Smith chart at point P, we find that
IC,|=1/3 and 6=28°.

Each |F| -circle intersects the real axis at two points. In Figure 5 we designate the point on the
positive real axis as Py, and on the negative real axis as P,. Since x = 0 along the real axis,
both these points represent situations of a purely resistive load, Z, =R, . Obviously, R, > Z,
at Py where r>1, and R, <Z, at P, where r<1. Since S=R, /Z, for R, > Z,, the value
of the r-circle passing through the point Py, is numerically equal to the standing wave ratio.
For the example where z;, =1.7 + j0.6, we find that » =2 at P, so that S=r=2.

90°

Figure 5: Smith chart in polar coordinates.

Example 1:

Consider a characteristic impedance of 50 Q with the following impedances:
Z,=100+;50 Q Z,=75-;100 Q Z;=;200 Q Z,=150Q

Zs5 = oo (an open circuit) Ze = 0 (a short circuit) Z;=50 Q Zs =184 —;900 Q

The normalized impedances shown below are plotted in Figure 6.
z1=2+j 7,=15-;2 73 =j4 74=3
Z5 =00 ze=10 z;=1 7g=3.68 —j18

It is also possible to directly extract the reflection coefficient I' on the Smith chart of Figure 6.
Once the impedance point is plotted (the intersection point of a constant resistance circle and
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of a constant reactance circle), simply read the rectangular coordinates projection on the
horizontal and vertical axis. This will give I", the real part of the reflection coefficient, and

I';,,, the imaginary part of the reflection coefficient. Alternatively, the reflection coefficient
may be obtained in polar form by using the scales provided on the commercial Smith chart.

I=04+02; TI,=051-04; T;=0875+048  TI,=05

=045 2£27° =0.65 £-38° =0.998 £29° =0.5 £0°
F5=] r5:—1 F7:O rg:096—01]
= 1£0° =1 £180° =0 =0.97 £-6°

RADIALLYSCALED PARAMITERS

TONARI) LOAD
", 5 RO T T A OO v 5 1

Y 5 & BRI T e LITIA 18 TRY
1 o w0 e sy

I AN ANV PR IRAN YT

Figure 6: Points plotted on the Smith chart for Example 1.

The Smith chart is constructed by considering impedance (resistance and reactance). It can be
used to analyse these parameters in both the series and parallel worlds. Adding elements in a
series is straightforward. New elements can be added and their effects determined by simply
moving along the circle to their respective values. However, summing elements in parallel is
another matter, where admittances should be added.

We know that, by definition, ¥ = 1/Z and Z = 1/Y. The admittance is expressed in mhos or Q'
or alternatively in Siemens or S. Also, as Z is complex, ¥ must also be complex. Therefore

Y=G+ B, (10)
where G is called the conductance and B the susceptance of the element. When working with
admittance, the first thing that we must do is normalize y = Y/Y,. This results in
y=g+ jb=1/z.So, what happens to the reflection coefficient? We note that
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F_z—l_(z—l)/z_l—y:_(y—lj. an

Cz+1 (z+D)/z l+y 1+
Thus, for a specific normalized impedance, say z =1.7+ 0.6 , we can find the
corresponding reflection coefficient as I'; =0.33 £28°. From (11), it then follows that the
reflection coefficient for a normalized admittance of y, =17+ ;0.6 will be
I',=-T,=0.33 £(28°+180°).

This also implies that for a specific normalized impedance z, we can find y =1/z by rotating

through an angle of 180° around the centre of the Smith chart on a constant radius (see Figure
7).

Constant
Resistance r

\
Conslzm\t

Reactance x
\

\

\

|

I

I

Figure 7: Results of the 180° rotation

Note that while z and y = 1/z represent the same component, the new point has a different
position on the Smith chart and a different reflection value. This is due to the fact that the plot
for z is an impedance plot, but for y it is an admittance plot. When solving problems where
elements in series and in parallel are mixed together, we can use the same Smith chart by
simply performing rotations where conversions from z to y or y to z are required.

2 Smith Charts and transmission line circuits

So far we have based the construction of the Smith chart on the definition of the voltage
reflection coefficient at the load. The question is: what happens when we connect the load to a
length of transmission line as in Figure 8.

|
i Iy +
I
(. Zo) } a0
|
| L 2
\
z He——2' :F_Z_’T
z=0 7=/
g'=l =0
Figure 8: Finite transmission line terminated with load impedance Z;.
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On a lossless transmission line with k£ =3, the input impedance at a distance z' from the load
is given by

V@), 1T e/
Ty TC1-T, e
The normalised impedance is then
Z,(z") 1+, e’ 14T,
ACH Ll - T i (13)
Zy 1-T, e 1-T,
Consequently, the reflection coefficient seen looking into the lossless transmission line of
length z' is given by

(12)

[, =T, ¢/ 2|, |/ &/ (14)
This implies that as we move along the transmission line towards the generator, the
magnitude of the reflection coefficient does not change; the angle only changes from a value
of 0 at the load to a value of (0—2fz") at a distance z' from the load. On the Smith chart,

we are therefore rotating on a constant ’F’ circle. One full rotation around the Smith chart

requires that 2PBz'=2n, so that z'=n/B=A/2 where A is the wavelength on the

transmission line.

Two additional scales in Az'/)\ are usually provided along the perimeter of the

=1 circle
for easy reading of the phase change 2B Az’ due to a change in line length Az'. The outer
scale is marked in “wavelengths towards generator” in the clockwise direction (increasing z')

and “wavelengths towards load” in the counter-clockwise direction (decreasing z'). Figure 9
shows a typical commercially available Smith chart.

Each ’F ’ -circle intersects the real axis at two points. Refer to Figure 5. We designate the point

on the positive real axis as Py, and on the negative real axis as P,. Since x = 0 along the real
axis, both these points represent situations of a purely resistive input impedance,
Z; =R, + jO. Obviously, R, > Z, at Py, where r>1, and R, <Z, at P, where r <1. At the
point Py we find that Z, =R, =SZ,, while Z, =R, =Z,/S at P,. The point Py on an
impedance chart corresponds to the positions of a voltage maximum (and current minimum)
on the transmission line, while P, represents a voltage minimum (and current maximum).
Given an arbitrary normalised impedance z, the value of the r-circle passing through the point
Py, is numerically equal to the standing wave ratio. For the example, if z=1.7+ 0.6, we find

that =2 at Py;,sothat S=r=2.
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- RESIS TANCE COMPONEN (1 20 O CUNDUCTRNCE COMPONENT (07 Yol

RADIALLY SCALED PARAMETERS

TOWARD LOAD TUWARD GENERATOR
n T 5 3

T 5 3 [}
LA e e e

SR S e e e e
L1 12 1314 16 18 2 3 48 02

I

108 W a7 06
1 [ ns

ap i 0z 0 04 05 046 a7 8 04 1 L1 12 1.3 14 15 1 L7 15 19 ']

&
ORIGIN

Figure 9: The Smith chart.
Example 2:
Use the Smith chart to find the impedance of a short-circuited section of a lossless 50 Q co-
axial transmission line that is 100 mm long. The transmission line has a dielectric of relative
permittivity €, =9 between the inner and outer conductor, and the frequency under

consideration is 100 MHz.

For the transmission line, we find that B=ow,e,e, =6.2875 rad/m and
A=21/B=0.9993~1 m. The transmission line of length z'=100 mm is therefore

z' /A =0.1 wavelengths long.
e Since z; =0, enter the Smith chart at a point Py.

e Move along the perimeter of the chart (’F =1) by 0.1 “wavelengths towards the

generator” in a clockwise direction to point P;.
e AtP),read r=0 and x=~0.725, or z, = j0.725. Then Z, = j0.725x 50 = j36.3 Q.
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Figure 10: Smith chart calculations for Example 2 and Example 3.

Example 3: A lossless transmission line of length 0.434A and characteristic impedance 100 Q
is terminated in an impedance 260 + j180 Q. Find the voltage reflection coefficient, the
standing-wave ratio, the input impedance, and the location of a voltage maximum on the line.

Given z'=0.434)\, Z,=100Q and Z, =260+ j180Q2 . Then
e Enter the Smith chartat z, =Z, /Z, =2.6+ j1.8 shown as point P, in Figure 10.

e  With the centre at the origin, draw a circle of radius OP, = |FL| =0.6.

e Draw the straight line OP, and extend it to P/ on the periphery. Read 0.220 on
“wavelengths towards generator” scale. The phase angle 0 of the load reflection may
either be read directly from the Smith chart as 21° on the "Angle of Reflection

Coefficient" scale. Therefore I', =0.6 ¢/*'""!** = 0.6 &/*'*".
e The |F|=0.6 circle intersects the positive real axis OP, at r=S§=4 . Therefore the

voltage standing-wave ratio is 4.
e The find the input impedance, move P, at 0.220 by a total of 0.434 “wavelengths toward

the generator” first to 0.500 (same as 0.000) and then further to 0.434—
(0.500-0.220)=0.154 to P;.
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e Join O and P} by a straight line which intersects the ’F’ =0.6 circle at P,. Here r=0.69
and x=1.2,0r z; =0.69+ j1.2. Then Z, =(0.69 + j1.2)x100=69 + ;120 Q2.
e In going from P, to P, the ’F’ =0.6 circle intersects the positive real axis at P, where

there is a voltage maximum. Thus the voltage maximum appears at 0.250-0.220=0.030
wavelengths from the load.

3 Transmission line impedance matching.

Transmission lines are often used for the transmission of power and information. For RF
power transmission, it is highly desirable that as much power as possible is transmitted from
the generator to the load and that as little power as possible is lost on the line itself. This will
require that the load be matched to the characteristic impedance of the line, so that the
standing wave ratio on the line is as close to unity as possible. For information transmission it
is essential that the lines be matched, because mismatched loads and junctions will result in
echoes that distort the information-carrying signal.

Impedance matching by quarter-wave transformer
For a lossless transmission line of length /, characteristic impedance of Z, =R, and

terminated in a load impedance Z, , the input impedance is given by
Z =R, Z, + jR, tan Bl
R, + jZ, tan Pl
_p Lt IR tan(2n// )
"R, + jZ, tan2m /1)’

(15)

If the transmission line has a length of / =A /4, this reduces to
Z, + jR, tan(m/2)
"R, + jZ, tan(n/2)
_R, Z, /tan(n/2) + jR,
R, /tan(n/2)+ jZ,
0+ JjR,
0+ jZ,
ZL
This presents us with a simple way of matching a resistive load Z, =R, to a real-valued

Z, =R

(16)

input impedance of Z; = R, : insert a quarter-wave transformer with characteristic impedance
R, . From (16), we have R, = (R, )? /R, ,or

Ry, =R R, . 17)
Note that the length of the transmission line has to be chosen to be equal to a quarter of a
transmission line wavelength at the frequency where matching is desired. This matching
method is therefore frequency sensitive, since the transmission line section will no longer be a
quarter of a wavelength long at other frequencies. Also note that since the load is usually
matched to a purely real impedance Z; = R;, this method of impedance matching can only be

applied to resistive loads Z, =R, , and is not useful for matching complex load impedances
to a lossless (or low-loss) transmission line.

Example 4
A signal generator has an internal impedance of 50 Q. It needs to feed equal power through a
lossless 50 Q) transmission line with a phase velocity of 0.5¢ to two separate resistive loads of
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64 Q and 25 Q at a frequency of 10 MHz. Quarter-wave transformers are used to match the
loads to the 50 Q line, as shown in Figure 11.

(a) Determine the required characteristic impedances and physical lengths of the quarter-
wavelength lines.

(b) Find the standing-wave ratios on the matching line sections.

Ry = 64 (R)

Ry = 50(Q)

Figure 11: Impedance matching by quarter-wave transformers (Example 4).

(a) To feed equal power to the two loads, the input resistance at the junction with the main
line looking toward each load must be

R, =2R,=100Q and R, =2R,=100Q
Therefore

Ry =R, R, =80Q

Ry, =R, R, =50Q

Assume that the matching sections use the same dielectric as the main line. We know that
1 1 c
u —_t——— —
r 2
e Ho€o€,
We can therefore deduce that it uses a dielectric with a relative permittivity of €, =4.

u
x:—”=2—”:15m

ok

The length of each transmission line section is therefore /= A/4=3.75m.

(b) Under matched conditions, there are no standing waves on the main transmission line, i.e.
§'=1. The standing wave ratios on the two matching line sections are as follows:
Matching section No. 1:
R —-R;  64-80
CR, +R) 64480
14T, 14011 .
a-|ry,] 1-oar

Ll

Matching section No. 2:
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R, — R -
r,=—% ‘32=25 0 _ 033
R,+R;, 25+50
C1H[T,| 14033
21—, 1-033

Single stub matching

=1.99

In matching of impedances, we are only allowed to use reactive components (i.e. equivalent
to inductors and capacitors — no resistors). Recall that for short-circuited and open-circuited
lossless transmission line sections of length /, the input impedance was given by

Z, = jZytanBl = jZ, tan2nl/2), (18)

and
Z,, =—jZ, cot Pl =—jZ, cot(2m /1), (19)

where Z, =R, is purely real. The impedances in (18) and (19) are purely reactive
(imaginary), and therefore these transmission line sections act as inductors or capacitors,
depending on the line length. We are going to make use of these elements (called transmission
line stubs) to design matching circuits. In practice, it is more convenient to use short-circuited
stubs. Short-circuited stubs are usually used in preference to open-circuited stubs because an
infinite terminating impedance is more difficult to realise than a zero terminating impedance.
Radiation from the open end of a stub makes it appear longer than it is, and compensation for
these effects makes the use of open-circuited stubs more cumbersome. A short-circuited stub
of an adjustable length is much easier to construct than an open-circuited stub.

It is also more common to connect these stubs in parallel with the main line. For parallel
connections, it is convenient to use admittances rather than impedances. In thee cases, we use
the Smith chart as an admittance chart to design the matching networks.

A single-stub matching circuit is depicted in Figure 12. Note that the short-circuited stub is
connected in parallel with the main line. In order to match the complex load impedance Z, to

the characteristic impedance of the lossless main line, Z, = R,, we need to determine the
lengths d and /.
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Figure 12: Impedance matching by single stub method.
For the transmission line to be matched at the point B — B’, the basic requirement is
V=Y +Y
5=l 20
R,
In terms of normalised admittances, (23) becomes
Vi=ygty, =1 (2]
where y, =g, + jby =Y, /Y, for the load section and y, =Y, /Y, for the short-circuited
stub. Note that y =—jcot(2n//A) is purely imaginary. It can therefore only contribute to
the imaginary part of y,. The position of B— B’ (or, in other words, the length d) must be
chosen such that g, =1, i.e.
vg =1+ jby. (22)
Next, the length / is chosen such that
Yy ==Jjbg, (23)
which yields y, =y, +y, =(1+ jby)+(—jbg)=1. The circuit is therefore matched at
B - B’', and at any point left of B— B’ as well.

If we use the Smith chart, we would rotate on a |F| -circle in a clockwise direction (towards
the generator) when transforming the normalised load admittance to the admittance y, .
However, according to (23), y, must also be located on the g =1 circle.

The use of the Smith chart for the purpose of designing a single-stub matching network is best
illustrated by means of an example.

Example 5: A 50 Q transmission line is connected to a load impedance Z, =35— j37.5Q.
Find the position and length of a short-circuited stub required to match the load at a frequency
158
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of 200 MHz. Assume that the transmission line is a co-axial line with a dielectric for which
g, =9.

Given Z, =R, =50Q and Z, =35~ j47.5Q. Therefore z, =2, / Z; =0.7—- j0.95 .
e Enter the Smith chart at z, shown as point P, in Figure 13.

e Drawa ’F’ -circle centred at O with radius O—P1 .

e Draw a straight line from P, through O to point P, on the perimeter, intersecting the ’l"’ -
circle at P, , which represents y, . Note 0.109 at P on the “wavelengths toward
generator” scale.

e Note the two points of intersection of the ’l" ’ -circle with the g =1 circle:

o At P;: Vo =1+ j1.2=1+ jby
o AtP: Vg, =1=j1.2=1+ jbg,

e Solutions for the position of the stub:

o For P, (from P/ to /)  d,=(0.168—-0.109)A =0.059A
o For P, (from P/ to /) d,=(0.332-0.109)A =0.223X1

e Solutions for the length of the short-circuited stub to provide y, =—jb,:

o For P, (from P, on the extreme right of the admittance chart to P, which
represents y, =—jbg =—j1.2): [, =(0.361-0.250)A =0.111A

o For P, (from P, on the extreme right of the admittance chart to P,’, which
represents y, =—jby, = j1.2): /, =(0.139+0.250)A = 0.3891

To compute the physical lengths of the transmission line sections, we need to calculate the
wavelength on the transmission line. Therefore

xzu—”zl/\/@:—”}/; ~05m.

f f
Thus:
d, =0.059% =29.5 mm [, =0.111A =55.5mm
d, =02231=111.5mm 1, =0.389A =194.5 mm

Note that either of these two sets of solutions would match the load. In fact, there is a whole
range of possible solutions. For example, when calculating d,, instead of going straight from

P/ to B/, we could have started at P, rotated clockwise around the Smith chart # times
(representing an additional length of »#A/2 ) and continued on to A , yielding
d, =0.0591+n\/2, n=0,1,2,... The same argument applies for d,, /, and /,.
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Figure 13: Single-stub matching on an admittance chart (Example 5).
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