DEPT. OF ECE

UNIT-III

MAXWELL’S EQUATIONS (Time varying Fields)

Introduction:
In our study of static fields so far, we have observed that static electric fields are produced by
electric charges, static magnetic fields are produced by charges in motion or by steady current.
Further, static electric field is a conservative field and has no curl, the static magnetic field is
continuous and its divergence is zero. The fundamental relationships for static electric fields
among the field quantities can be summarized as:

TxE=0 (1)

—

VD=
@
For a linear and isotropic medium,
D=¢ck (3)
Similarly for the magnetostatic case

VE=

)
VxH=J (5)
UxH=J (6)

It can be seen that for static case, the electric field vectors £and £'and magnetic field

vectors Band # form separate pairs.
In this chapter we will consider the time varying scenario. In the time varying case we
will observe that a changing magnetic field will produce a changing electric field and vice versa.
We begin our discussion with Faraday's Law of electromagnetic induction and then
present the Maxwell's equations which form the foundation for the electromagnetic theory.

Maxwell's equations represent one of the most elegant and concise ways to state the
fundamentals of electricity and magnetism. From them one can develop most of the working
relationships in the field. Because of their concise statement, they embody a high level of
mathematical sophistication and are therefore not generally introduced in an introductory
treatment of the subject, except perhaps as summary relationships.

These basic equations of electricity and magnetism can be used as a starting point for advanced
courses, but are usually first encountered as unifying equations after the study of electrical and
magnetic phenomena.
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Symbols Used

E = Electric field p = charge density |i = electric current
B = Magnetic field €0 = permittivity ~ J = current density

D = Electric displacement  |u0 = permeability ¢ = speed of light

H = Magnetic field strength IM = Magnetization P = Polarization

Integral form in the absence of magnetic or polarizable media:

I. Gauss' law for electricity §E ‘dA = gi
0

Gauss' law for magnetism §B dA=0

dd,
dt

I11. Faraday's law of induction §E wls = —
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V. Ampere's law

. - 1 9 (e =
a¢=r+——jﬁ¢4
§ diala ¢’ ot

Differential form in the absence of magnetic or polarizable media:

I. Gauss' law for electricity V-E= —e = 47l'kp
80
, _V-B=0
Gauss' law for magnetism
I11. Faraday's law of induction {/ x F = _a_B
ot
4k 1 OE
VxB=——J+——
C ¢ ot
V. Ampere's law
_J ,10E
g,c ¢ ot

k =L — Coulomb's .. ]
4re,  constant U E,

Differential form with magnetic and/or polarizable media:

_V:-D=p
I. Gauss' law for electricity -
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D=gE+P D=¢g,E Freespace
General D=¢E Isotropiaginear
case B dielectric
=0

Il. Gauss' law for magnetism

oB

1. Faraday's law of induction {V x f = — —

ot

oD
IV. Ampere's law ViH=J+—

ot

B=u,(H+M) p_ u,H Free space

General B=uH Isotropic linear
case magnetic medium

Faraday's Law:

Michael Faraday, in 1831 discovered experimentally that a current was induced in a conducting
loop when the magnetic flux linking the loop changed. In terms of fields, we can say that a time
varying magnetic field produces an electromotive force (emf) which causes a current in a closed
circuit. The quantitative relation between the induced emf (the voltage that arises from
conductors moving in a magnetic field or from changing magnetic fields) and the rate of change
of flux linkage developed based on experimental observation is known as Faraday's law.

Any change in the magnetic environment of a coil of wire will cause a voltage (emf) to be
"induced" in the coil. No matter how the change is produced, the voltage will be generated.
The change could be produced by changing the magnetic field strength, moving a magnet
toward or away from the coil, moving the coil into or out of the magnetic field, rotating the coil
relative to the magnet, etc.

Faraday's law is a fundamental relationship which comes from Maxwell's equations. It serves as

a succinct summary of the ways a voltage (or emf) may be generated by a changing magnetic
environment. The induced emf in a coil is equal to the negative of the rate of change of
magnetic flux times the number of turns in the coil. It involves the interaction of charge with
magnetic field.
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When two current carrying conductors are placed next to each other, we notice that each induces
a force on the other. Each conductor produces a magnetic field around itself (Biot— Savart law)
and the second experiences a force that is given by the Lorentz force.

| FORCE BETWEEN LONG PARALLEL CONDUCTORS

. g : = —
Current in same direction

<| - &

Mathematically, the induced emf can be written as

_d¢
Emf= & \olts

where ? is the flux linkage over the closed path.

dg

A non zero dt may result due to any of the following:

(a) time changing flux linkage a stationary closed path.

(b) relative motion between a steady flux a closed path.

(c) a combination of the above two cases.

The negative sign in equation (7) was introduced by Lenz in order to comply with the
polarity of the induced emf. The negative sign implies that the induced emf will cause a current
flow in the closed loop in such a direction so as to oppose the change in the linking magnetic
flux which produces it. (It may be noted that as far as the induced emf is concerned, the closed
path forming a loop does not necessarily have to be conductive).

If the closed path is in the form of N tightly wound turns of a coil, the change in the
magnetic flux linking the coil induces an emf in each turn of the coil and total emf is the sum of

the induced emfs of the individual turns, i.e.,

_yi¢
Emf = dt Volts
By defining the total flux linkage as -1
A=Ng
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The emf can be written as

_dA
Emf= dt
Continuing with equation (3), over a closed contour 'C' we can write
Edi
Emf = SFC'

where £ is the induced electric field on the conductor to sustain the current.

Further, total flux enclosed by the contour 'C ' is given by
&= F.d;:
Where S is the surface for which 'C' is the contour.
From (11) and using (12) in (3) we can write
B
cPcE..:if = - 5C‘ISS Bds

By applying stokes theorem

[ Vx Eds = [ 98 43
5 5 Of
Therefore, we can write
TR E = —E
¢
which is the Faraday's law in the point form
48

We have said that non zero @ can be produced in a several ways. One particular case is when a

time varying flux linking a stationary closed path induces an emf. The emf induced in a

stationary closed path by a time varying magnetic field is called a transformer emf .

(0]
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Inconsistency of amperes law

Ampere's circuit law states that the line integral of tangential component
ol IT around a closed path is game as the net current lenc enclosed by the
prath.
e

[Hadl=1,

By applying stoke’s theorsm,

J-H Al becomes J-J s

s Therelore, i-‘L\v-c H=J0 __ (3.14)
Thig 1 true in case of static EM fields.

But in case ol time-varying ficlds, the above Ampere’s law shows same
inconsistency,

The inconsistency of ampere law for time varying felds is shown in two cases:
1. For static EM ficlds, we have

Al =4
Applving divergence on both sides, we get,

AfA=H)=AJ
But divergence of curl of a vector field is always zeno,
Therefore,

AfAxH)=0=AJ
The continuity of current equation 1s given by

At ﬂ
]

Where J = Current density

e = Charge density

For static fields, no current is produced, therefore, ¢ =0 = AJS=10
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Implics cq. 3.15 is satisficd but for time varving ficlds, current is produced
and therefore,

— e

A= ST ilG
ot (3-16)

Eq. (3.15}) and eq. {3.16) are contradicting each other.

This is an inconsistency of ampere’s law and the Ampere's law must be
modilied for time varying fields.

2. Consider the typical example of where the surface passes between the
capacitor plates.

The Agure 15 shown below.

i
L
1
]
1
1
i,
Sy
I
LN ik

Fig 1.2 1ak T serfeoes of indegrarian whigh explain the Ingonsisiency of Ampene's lamw

In fig 3.3(a),

Based on Ampere’s circuit law we get fgure

¥TIC

j;f..::.r IJ'_al’s I = (3.17)
5,

7

EMTL



DEPT. OF ECE

In fig 3.3(b), based the ampere’s circult law, we get,

(H.dl = [Jds=1_ =0 (3.18)
jH.dl = [1ds=1,,

Because no conduction current flows through 1,

Le. IO

in koth (a) and (b), same closed path is used, but equations 3.17 and 3,18
are different.

This is an inconsistency of Ampere’s circult law.

This inconsistency of Ampere’s circuit law in both cases (1) and (2) can
he resolved by including displacement current in Ampere's circuit law,

Substituting (3. 19, we get,

A =g 22 (3.21)

alt

This is the Maxwell equation (based on ampere’s circunt Law) for tiem
varying fields.

In equation (3.21),
J = Conduction current density,

The conduction current density J invalves flow of charges. The

displacement current density J, does not invelve flow of charges.

Dizgplacement current,

d
1, = [Jdds = ?’:m (3.22)
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Displacement Current Density:
The equation
Aw ff = J For static EM fields is modified to Modified to

AxH =T +J, (3.19)

To make the Ampere’s law compatible for varying felds.
Now, applying divergence, we get
AAxH)=0=AJ+AJ,
de,

,-Jﬁ__lr = -.I*L.F -——
: et

From Gauss Law, we have

e =AY

Therefore,

d(AD) 5 dD

A, A
ot af
L (3.20)

at
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Boundary Condition for Magnetic Fields:

Similar to the boundary conditions in the electro static fields, here we will consider the behavior

of B and H at the interface of two different media. In particular, we determine how the
tangential and normal components of magnetic fields behave at the boundary of two regions
having different permeabilities.

The figure 4.9 shows the interface between two media having permeabities A and #2, ax being
the normal vector from medium 2 to medium 1.

Medium | B,

E."?

=7
_—

EJM
Lz Medium 2

Figure 4.9: Interface between two magnetic media

—

o determine the condition for the normal component of the flux density vector &, we consider a

small pill box P with vanishingly small thickness h and having an elementary area &5 for the
faces. Over the pill box, we can write

$ Bds=0
S —————————_ (4.36)
Since h --> 0, we can neglect the flux through the sidewall of the pill box.
' - ™ + - = =
: 'LsBldSl Lsﬁ’z.dﬂ'z ¢ 4.37)
I ds[—ﬁx]
dSy=dSangnd N S (4.38)

LS B dS~ LS B, dS=0

where
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Since &4 js small, we can write

(B, — B, )AS =0

or, BTEB e, (4.40)

That is, the normal component of the magnetic flux density vector is continuous across the
interface.

In vector form,

—

;x.(§1_32)=0

To determine the condition for the tangential component for the magnetic field, we consider a
closed path C as shown in figure 4.8. By applying Ampere's law we can write

—_

_ ) E..:x‘f+j Hdi=1
Since h-->0 , 440 50

e Y

We have shown in figure 4.8, a set of three unit vectors @=, @¢ and “# such that they

fal a2 ey £ fal

satisfy @ = @7 du (R.H. rule). Here @{ is tangential to the interface and %~ is the vector
perpendicular to the surface enclosed by C at the interface.

—_—

cPH..:x‘f= 7

if Js = 0, the tangential magnetic field is also continuous. If one of the medium is a perfect
conductor Js exists on the surface of the perfect conductor.

In vector form we can write,

Therefore,
C;xx (El - Ez) = js
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Solved problems:
Problem1:

(a) In a cylindrical conductor to the region 0.01 =r=0.02,0<z <1 m and

the current density is given by,
J =10e1%r g, A/m?

Find the total current crossing the extential of this region with
@ = constant plane.
(b) Find the total current in a circular conductor of 4 mm radius if the

4
current density varies accordingto J = 19 A/m?2,
r

Solution

(a) Total current in the wire is given as,
0.02 1

I=[Jas= [ [ [10e1%G,][rdrdzd,]
S

re0.01 2«0

0.02 1

= J’ IlOre‘""”(lr(lz

r=0.012=0
0.02
=10 J re'%rdy
r=0.01
00,1002 002 o0
1=10]Z [ - [ “—ar
=100 loo; .50 —100
l ‘r-l(l)r .02
=10| =———(0.02¢-2 - 0.0l¢"") + ———
100 =100 %100}, ,,
=2%103e!
=310"3¢2
(b) Total current is given as,
L kw0004, 0.004
f =IJ.dS = j I —rdrdg =2m = 107 I dr =2 > 104 2 0,004 = 80m A
& =l F= r=il
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Problem2:

IfJ = ld(zcose d, +sin@ 4,) A/m?, calculate the current passing through
r

(a) A hemispherical shell of 20 cm radius
(b) A spherical shell of 10 cm radius

Solution
Total current is given as / = jj.d.s_‘
Here, dS = r2sin@d¢da,

(a) Total current passing through a hemispherical shell of 20 cm radius

IS,
% 2r l
I I j F(Zcose d, +5sin@ dy).(r sin0dpdod,)
0=0¢=0
¢ re().2
jf'/ 2 1
= _|‘ —2cos@r? sinOdede
=vg=n’ -
"
= 2m = 2 r sin@d(sin &)
¥ g
e ), 2
4| sin® @ ¥ .
._EIE[——E——]: =10 =31.42 A

(b) Total current passing through a spherical shell of 10 em radius is,
m 2Ir

=1 %(Zeosﬂ(ir+si|'|ﬂ‘ri;a].{r'-‘sinﬂcf¢d9:§.:l
b D e

i, |

= 2=
- J' JTEGQSEJ'ZHI'HSH’@(!S

Ot gmi

i, |

2 4
=2mx= j sin@d(sin )

d a=0

_4n[sin’0
0.1 2 J,

=0

r=(, |
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Problem3:

For the current density, J = 10zsin? ¢ 4. A/m?, find the current through the
cylindrical surface ofr=2,1=z=5m.

Solution
Total current passing through the cylindrical surface is,
oL 5 2 o2 4
fﬁfhﬁﬁjj{mnﬁ¢iumwﬁj =m{—TJﬂﬂ¢w
2=1=0 2 2 hgo 2

=Iﬁx2x%x%=24ﬂz=?54ﬁ

Problem4:

Determine the current density function J associated with the magnetic
field defined by

(a) H =3i +7j +2xk A/m (Cartesian)

(b) H = 6ra, +2ra, +5a, A/m (Cylindrical)

(c) H =2pa, +3d, +cos@ 4, A/m (Spherical)

(@) H=3+7j+2xk

By Ampere’s law in Cartesian coordinates,
a, a, a,
P - |d 9 9 .
J=VxH=|— — —|=-=2a, A/m?
ox dy oz !
3 7 2x

(b) By Ampere’s law in cylindrical coordinates,
1

—d, Gy

.
- ~ d o d
J=VH=|— —_— =
* or 29 0z
H, rH, H.

r

VaH. aH,]. [aH, an_]‘ 1| arHy) ol .
— S .+ - 2 g, = = =—— i,
roog dz dz dar | ® r| or dg | ©

13 2 . .2 a 1. (o, .. 2. 1
;?(5}— -EE{ZJ }]“} +[a:§ (6r) z'f}r':i;.:|“9 -i-[r][ar(rﬂ: ) a'p[ﬁr}]a:

(c) f = 2pa, + i, +cosO a, 84
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By Ampere’'s law in spherical coordinates,
% % 4
I |9 9 d
J=VxH= —
% p*smﬂ a_a 20 di
H, pHy psin8H,
1y 1 94
[tz

1|9 _9H, 1
pgma[aaw’““s‘ 20 ]"ﬂ"’[P Sin6 26 9
1| @ a7l .
U2 phyy -2
+p[aP{P a} aﬂ}ﬂ'ﬂ
L a 1 2 P
p5|n9[£{cﬂsﬂsmela¢[3}] [ ]|: 93; P]-H—{Pcusﬂ]}
d d
—_— — 3 - 2
[a P35 P’]
_ [cns}!ﬂ] —lcosﬂ'%-l-:;a A2
p\ siné p

Problem5:

An infinitely long conductor of radius a is placed such that its axis is
along the z-axis. The vector magnetic potential, due to a direct current
in the conductor is given by

Ip flowing along a.
(x2+ »2)a. Wb/m

]
|

T ana
Find the corresponding f7 . Also confirm the result using Ampere's law.

Solution
The magnetic flux density is given as,

a,

¢~ Xa,)

¥l &

i

9.

3
0

0
dra?

So, the magnetic field intensity is given as
ﬁ=£=-l—°( ya, - xa,)
Hoy 2na’ z
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We calculate the closed line integral of this field as follows.

98 A.dl =-
L

(ﬁ( va, — xa.). (ad¢ao )=— 2:;’ z ¢ad¢( ya, - x&v‘. ).((':o)

2ra’ )

1 - - x A 7
=-—02 ¢ad¢( ya,—xa,)(-singa, +cosga,)
2rna’ 7

L P adg(—ysing — xcosP)
2ra’ 5

= > 9 ~ @(uw(asin2 O+ acos’ @) fex=rcos¢ and y=rsing}
ra+
L

de(sin® ¢ + cos? @)

L

o
dop= —x2r=1
T ?‘ ’= 2:: °

Since é”-‘” =1, Ampere’s law is verified.
L

Problem6:
Obtain an expression for the self-inductance of a toroid of circular

section with ‘N’ closely spaced tumns.

Solution

Let,
r = Mean radius of the toroid
N = Number of turns
S = Radius of the coil

We have the magnetic field,

=N
2rr
. . NI NI _,
total flux linkage pertumnis, ¢ = BA=pHd = pz— ns2=b > —52
»
Hence, the self-inductance of the toroid is [ = ﬁ = ¥
-
f‘ _ “J"‘i';j!"
2r
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Problem?7:
The circular loop conductor having a radius of 0.16 mis placed in the
xy plane. This loop consists of a resistance of 20 Q as shown in Fig. If the
magnetic flux density is
B=05sinl10%d. T
Find the current flowing through the loop.

Z
A

X 20Q
Circular loop conductor

Solution

Here since the loop is stationary and the magnetic field is time

only the transformer emf is induced. :
varying,
Transformer emfinduced is,

9B . d : : ;
V== '[3![5. 15 = - '[.IE (0.5sin10%d,).(rdrdgad.)
0.15 22
=-0.5x103 cos 101 j j rdrd¢
ra() ¢=l

015
=-05x2rx10? cole’l[%I

==10rcoslPrx0.01125
=-3534cosl0t V
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Problems8:

(a) In free space, D = D, sin(@t + Bz)d,. Using Maxwell's equations, show
that

E _ Wy, Dm

sin( @t + ﬁz)ei}.

(b) In free space, B = Bmei{“”*ﬂf}&r Using Maxwell’s equations, show that

E, _ fﬂ'B;H ej[mwﬁ:jdr

Solution

(a) By Maxwell’s equation,

- = . D
VxE= _B_B and D=¢g,E or, E=— forfreespace
ot &
. d d d
-g—Ej:?xE': ax W oz|= 'Z i[sm{mr +Bz)]d, = iuﬁcns{mHﬂz]éy
—sin(wt+pz) 0 0
I
B=- D’"‘B —Msin{@r + Bz)d,
Eu 0 ’
or,

Hy& &

B=- QHJE
W€y

sin(mr+ﬁzj§..:—%ﬁxpﬂ(%] sin[w1+£z}¢%_= mp;} o sm{mH-ﬁz}a

B= —Msin{mr +fz)d,
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(b) By Maxwell’s equation,

- 9B 9, .
VX E=——=——B eil®+p)g
ar af m N
é\' a‘_l' d‘:
Jd d d .
o,|— — —|=-B, jweil®+B)g
x dy dz mJ ’
E, E, E
Comparing both sides, we get,
[S‘i - ai}}r = _ijmej{wHﬁ: a,
dz  odx ) - ‘

a;‘f =-B, Jjwel(@t+pz) ( E. is not a function of .r]
. ,

- |
E_,r = j—B__”j&}eﬂ_ﬁu+ﬁ:_idz = —ijmﬁeﬁamﬂ:} R

B,w efl@r+pz)

= wB, . )
E = ——M pj(at+p: i,
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